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Microwave-optical quantum transduction is a key enabling technology in quantum networking,
but has been plagued by a formidable technical challenge. As most microwave-optical-transduction
techniques rely on three-wave mixing processes, the processes consume photons from a driving
telecom-band (pump) laser to convert input microwave photons into telecom-band photons detuned
from the laser by this microwave frequency. However, cleanly separating out single photons detuned
only a few GHz away from a classically bright laser in the same spatial mode requires frequency
filters of unprecedented extinction over a very narrow transition band, straining the capabilities of
today’s technology. Instead of confronting this challenge directly, we show how one may achieve
the same transduction objective with comparable efficiency using a four-wave mixing process in
which pairs of pump photons are consumed to produce transduced optical photons widely separated
in frequency from the pump. We develop this process by considering higher-order analogues of
photoelasticity and electrostriction than those used in conventional optomechanics, and examine
how the efficiency of this process can be made to exceed conventional optomechanical couplings.

PACS numbers: 03.67.Mn, 03.67.-a, 03.65-w, 42.50.Xa

Quantum transduction between light and sound (con-
verting between acoustic phonons and photons) is a crit-
ical intermediate process employed in the more promis-
ing technologies toward making large-scale quantum net-
working possible [1-4]. Of particular relevance to the
subject of this paper, piezo-optomechanical transduction
[5-8] uses a piezoelectric interaction to convert microwave
photons from superconducting-circuit (SC) qubits into
acoustic phonons of the same frequency, and then an op-
tomechanical interaction to convert these sound quanta
into telecom-band photons by consuming pump photons
from a laser to make up the energy difference.

As a three-wave mixing process between two photons
and one phonon, the optomechanical interaction these
transducers employ introduces a formidable technical
challenge in filtering. The difference in frequency be-
tween the transduction photons and the pump photons
is about five orders of magnitude smaller than either one
itself (e.g., a detuning of 2 GHz from a central frequency
of 200 THz). Moreover, one must filter the pump aggres-
sively enough that both no fringe pump photons are in
the transduction band, and that the transduction band
photons can be picked out without picking up residual
pump photons. Accomplishing this directly requires de-
veloping filtering technology of unprecedented extinction
for so narrow a transition band. Though highly disper-
sive filters exist that may cleanly separate spectral lines
with similar detunings [9-11], and there are proposed
schemes of concatenating multiple filters to achieve high
extinction [12], the simultaneous challenge of achieving
the high extinction ratios needed for single-photon quan-
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tum transduction is as yet unmet. In this Rapid Com-
munication, we show how to circumvent this challenge
and achieve comparable optomechanical couplings using
a novel four-wave mixing process between three photons
and one acoustic phonon.

The coupling between sound (i.e., strain) in a mate-
rial, and the electromagnetic energy passing through it
has been studied in one form or another for more than
140 years [13-16]. To first (linear) order in the mechani-
cal and electric displacement fields, we have the forward
and converse piezoelectric effects. To second order, we
have electrostriction and photoelasticity, and it is at this
order that we have the standard three-wave-mixing op-
tomechanical interaction. At each order, these properties
are connected thermodynamically by Maxwell relations,
or generalizations thereof.

Extrapolating to the third-order relationship between
the mechanical and electric displacement fields, one may
show (as is worked out in Appendix A) that what we
call the second-order photoelasticity (change in second-
order nonlinear inverse permittivity proportional to the
applied strain) is thermodynamically connected to a cu-
bic electrostriction (induced strain proportional to the
cube of the applied electric field). Far from being an eso-
teric relation between physically insignificant factors, we
demonstrate how this third-order connection can amount
to a substantial optomechanical coupling without suffer-
ing from the same filtering challenges as in the standard
case.

Although higher-order photon-phonon interactions
were first examined over fifty years ago [15], the field
remains largely unexplored, with the exception of using
a second-order photoelasticity to examine stress-induced
changes to second-order optical nonlinearity [17] and in
AMO-based ensembles [18-21]. To our knowledge, our
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FIG. 1: Energy-level diagram showing the difference
difference between three- and four-wave mixing
processes in frequency conversion from a GHz phonon
at w = wyw to a telecom-band photon at w = w;. The
arrows in bold are classically bright fields at frequencies
Wy, Wp1, and wpa, respectively, which provide the
required energy for the conversion to occur.

work herein represents the first study of this higher-
order interaction in an optomechanical platform quan-
tum transduction.

In this Rapid Communication, we demonstrate the
feasibility of microwave - telecom quantum transduc-
tion using optomechanical four-wave mixing. While the
standard optomechanical three-wave mixing process con-
sumes individual pump photons to facilitate transduc-
tion, optomechanical four-wave mixing consumes pairs
of pump photons to facilitate transduction. Where the
transduction photons in this case have nearly twice the
frequency of any one pump photon, both pump and
transduced light can be easily filtered to high extinction
with conventional optical filters.

Rather than give a full treatment of the entire trans-
ducer, we consider that the optomechanical coupling crit-
ical to the transduction process can be gauged by an
effective photoelasticity. For the standard three-wave
mixing-based coupling, we may use the photoelasticity
as tabulated in tables of material parameters to quantify
the strength of the effective coupling. For the case of
our novel four-wave mixing, we may combine the second-
order photoelasticity (defined presently) with one factor
of the electric displacement field to obtain a comparable
factor we call a virtual photoelasticity. To facilitate this
side-by-side comparison, we also develop a formula for
the second-order photoelasticity using standard material
parameters.

The optomechanical interaction in microwave-optical
quantum transduction can be expressed by considering
how the strain tensor z;; in a material alters its inverse
permittivity 7;;. To first-order, we can describe this as:

(eff)

(eff)
€07l ek

(ze) = €0mi5(0) + Py jpoThes (1)

where the effective photoelasticity tensor pz(-;gz is defined

as [22] the derivative of the relative inverse permittivity
eoni; with respect to strain xy, for small strain:

(2)

Note that the effective photoelasticity incorporates the
true bulk photoelasticity of the material, as well as other
contributions due to shifting boundaries, among other
effects. Also, we will use the Einstein summation con-
vention in this work for repeated indices (unless other-
wise stated) to simplify notation. As part of the total
hamiltonian for the electromagnetic field [23], i.e.:

- 1 N 1 . -
H = 7/d37“ nijDiDj + 7BiBj , (3)
2 Hij
(where the hats denote quantum operators), the strain-
induced shift to n;; yields an additional term we call the
optomechanical interaction hamiltonian:

2 1 eff) A A =«
A = % /d37“ (pgjgzDiDjl‘ke) , (4)

which is second-order in the electric displacement field 15,
and first-order in the mechanical (acoustic) displacement
u;, by virtue of the strain x;; being given by the gradient

of the displacement: gi‘?, in the absence of rotational
J

motion.

Just as the ordinary photoelasticity p;;r¢ describes the
first-order change to 7;; with respect to strain ., we
define the second-order photoelasticity gnijre to be the
second-order change to the relative permittivity (egnn;)
with respect to electric displacement field D and strain
Ty

32%

Qhijke = €0 <533M5'D] (5)

(D,az)~>0.

Note that while the ordinary photoelasticity p;jre is di-
mensionless, the second-order photoelasticity g;jrem has
dimensions of m?2/C.

Between a vanishing electric field, and an electric field
so large that it ionizes the solid, the inverse permittivity
7ni; is a nonlinear function of Dy that can be represented
by the following power series:

nig =) + 1 Di + 0o DrDe + . (6)
where for example the second-order inverse optical sus-
ceptibility is given by:

@) _ (Omni
hig — 8DJ

: (7)
D—0
Here, we see that the second-order photoelasticity gpi;xe
is equal to the derivative of this second-order inverse sus-
ceptibility with respect to strain z, (for small strain).
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Following from Equations (4) and (6), the electromag-
netic hamiltonian for a second-order nonlinear dielectric
[23, 24] is given by:

/d3 (n”)DD +M1BB) (8)

ij
+ g/df"r (w5200, D)

If we include the effect of first and second-order photoe-
lasticity, we obtain an additional higher-order optome-
chanical interaction term given by:

R 1 o
Hfii = 3a /dgr (thjkeDhDiDjxu) (9)

which is third-order in the electromagnetic field, and first
order in the mechanical displacement field, making it a
four-wave mixing interaction hamiltonian.

In order to understand the significance of this optome-
chanical four-wave mixing interaction, we must be able
to estimate the value of g, ;¢ for different materials, and
perform a side-by-side comparison of this with the stan-
dard three-wave mixing interaction (4). To estimate the
value of the second-order photoelasticity gpi;xe, we make
use of Miller’s rule in nonlinear optics [25, 26], which ap-
proximates the second-order nonlinear susceptibility at
the three frequencies being mixed as proportional to the
product of the first-order susceptibilities at each respec-
tive frequency. In terms of inverse optical susceptibilities,
Miller’s rule takes the form:

miws =wi +w) = -Q I (1-enfwn)) (0)
n=1,2,3

where @ is a constant of proportionality (independent of
frequency). If we assume the constant of proportionality
Q@ is a constant for each material (and that we are in
a coordinate frame that diagonalizes 771(]1 )), then we may
obtain the approximate empirical formula for the second-
order photoelasticity without needing to know the value

of Q:

877(2)

Pnnke (W
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€oTon (wn)

~ ety Y

n=1231—

This is accomplished by differentiating our expression for
77}(2 (Eq. (10)) with respect to strain, and eliminating Q
in the resulting expression by substituting its value as
determined by Eq. (10). In terms of conventionally tab-
ulated parameters, our expression for the second-order
photoelasticity may be simplified and approximated to:
(eff) ~ — 2deff pnnk@(wn) (12)

60“2(0‘)1)”2(w2)n2(w3)n:1 53l %

q

where the indices of refraction at the given frequencies
are taken along the appropriate polarizations, and deg is

half the effective value of the second-order nonlinear op-
tical susceptibility (accounting for quasi-phase matching
factors as necessary [27]). Note that we use deg, instead
of the inverse nonlinear-optical susceptibility because the
latter is not commonly tabulated. For the transduc-
tion process under consideration, we let (w1 = wp1,ws =
Wp2, W3 = Wiy = Wp1 + Wpa + W ).

With this formula, we can enter constants to see
what a typical value for geg might be. As an exam-
ple, for Barium titanate, where (n(2wc/1310nm) ~ 2.27,
n(2me/2600nm) ~ 2.26 [28], deg ~ 10pm/V* [29] [30]
[31], pr133 ~ 0.2%%, pogzz =~ 0.2, pazzz ~ 0.77")[32]
[33], this gives an effective second-order photoelasticity
¢ ~ 245 x 1072m?/C. In what follows, we will
show how the optomechanical coupling using second-
order photoelasticity compares with conventional ap-
proaches.

Where the optomechanical three-wave mixing (4) and
four-wave mixing interaction hamiltonians (9) differ by
only a few factors, we may group gijre with Dy, and

other constant factors to emulate a (virtual) first-order

photoelasticity p(;’;?).

. 1 irt) A
) =5 [ (Wi Dibsa)  13)
where

irt) 2 (off 2 f -
pg;}/zc; ) - Sqéez]])i:ZDh - geoqéez]/)d(eR)hmEm (14)

For our example with barium titanate, we had a ¢(¢® ~

2.45x1072m?/C, and e ~ 5.09. In these units, pl(.;.)z;f) o~
7.35 x 10713E;. Where the average electric field of a
Gaussian beam of light propagating through a barium
titanate waveguide with mode field diameter (MEFD) of
1.2um [34] has an average peak electric field amplitude

given by the relation:

16 P

Elr~,|——————
1] nmege (MFD)?

(15)

which within an order of magnitude at ImW power would
be approximately 7.68x10%V/m, corresponding to a peak
intensity of 88.4kW/cm?, well below its optical damage
threshold of 0.54GW/cm? [35] (about 6.11W for this
beam diameter), [36]. As a general function of power
P, these parameters give a virtual photoelasticity p(*"*)
of about 1.787 x 10~°v/P. While this is rather small
compared to the nominal photoelasticity of 0.77 for bar-
ium titanate, it may still be sufficient for efficient quan-
tum transduction to occur. For the transducer in [5],
the single-photon optomechanical coupling gg is about
2m x 400H z, where other optomechanical transducers
may have couplings as high as 27 x 850kHz [37], with
the majority of this increase coming from design, rather
than different bulk material properties. All other mate-
rial parameters constant, and using the parameters of the
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transducer in [5] as a benchmark, then the rapid growth
of the overall optomechanical coupling in optomechani-
cal four-wave mixing relative to the standard approach
shows that optimal transduction may be achieved with
powers of the order 10'W. While this is currently above
the damage threshold of Barium titanate, any further
enhancements to the cumulative factor of nonlinearity
and photoelasticity (deg pnnke) (e.g., by electrically po-
larizing the medium with a DC electric field [38]), may
enable near-unity transduction efficiencies at intensities
below the optical damage threshold of the material.

Independent of bulk material properties, optomechan-
ical four-wave mixing can only occur if phase-matching
conditions similar to nonlinear-optical four-wave mixing
are satisfied. Assuming an approximately rectangular
geometry with a periodic poling to compensate for any
momentum offset, the effective optomechanical coupling
due to second-order photoelasticity is proportional to the
phase-matching integral:

Geft X (/ dze"A’“zz> (16)

where z ranges from zero to L, the length of the medium,
and:

Akz = ktz - kplz - kp2z - kmz - kAz (17)
_ n(wy)wy 3 n(wp1)wp1 B n(wp2)wia w27
c C C Vsm A

where v, is the speed of sound in the material for this
acoustic mode. As a side benefit of this process, the
conditions achieving the correct phase-matching in op-
tomechanical four-wave mixing, will generally not also
satisfy the phase-matching conditions for optomechani-
cal three-wave mixing. Because of this, the lower-order

optomechanical coupling used in standard transducers
will be suppressed at the same time that optomechanical
four-wave mixing is optimized, removing it as a source of
loss/noise.

In this work, we have shown how the frequency filtering
challenges in quantum transduction can be circumvented
by utilizing optomechanical four wave mixing. Moreover,
we have given arguments for why this higher-order pro-
cess ought to amount to comparable optomechanical cou-
pling to the standard case. The benefits of this approach
are not without their drawbacks, however. While op-
tomechanical four-wave mixing has a power-scaling ad-
vantage in that its efficiency literally grows with pump
power, its efficiency also varies with the phase of the
pump, suggesting that additional stabilization may be
required. Moreover, there will be additional optical de-
sign requirements for the transducer to be able to host a
pair of wavelengths nearly an octave apart with maximal
overlap/coupling. Independent of quantum transduction,
this higher-order optomechanical connection may enable
sensing technologies where using standard Brillouin scat-
tering is impractical.
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Appendix A: Thermodynamic relations between electric and mechanical displacement

Consider a dielectric solid at constant temperature T. With heat free to flow in/out of this system, and wanting
temperature as an independent variable, we employ the Helmholtz free energy A = U — T'S instead of the internal
energy U to describe the thermodynamics of this system. The differential change in its Helmholtz free energy A is
given by:

dA = —SdT + Xijdx;j + EidD;, (A1)

where S is the entropy, X;; is the mechanical stress tensor, x;; is the mechanical strain tensor, E; is the ordinary electric
field, and D; is the electric displacement field. In addition, —SdT is the differential heat flow into/out of the system;
Xi;dx;; is the differential mechanical work done on/by the system; and E;dD; is the differential electromagnetic work
done on/by the system, where electromagnetic energy can be stored in a dielectric by induced polarization. Just as in
the body of our work, we use the Einstein summation convention on repeated indices to condense notation, where for
example F;dD; is an inner product between the electric field, and the differential change in the electric displacement
field.

With temperature T’ being constant, and because we can express A as a function of (T, z;;, D;), we may in turn
express the mechanical stress tensor X;; as a function of strain x;;, and the electric displacement field D;:

(T,z,D)

[“)xij

Similarly, we may express the Electric field F; as a function of these variables as well:
A
ODi ) (1.2,p)

Both X;; and E; can be Taylor-expanded in powers of z;; and D;. Since even relatively intense sound results in small
displacements, we write out the Taylor expansion up to first order in strain z;; and up to third order in the electric
displacement field D; (accounting for orders of strain):

r 8X1'j 1 82)(753' 1 83Xij
const  + (aDk ook + 2 (aDkaD,Z o DrDe + 31 \opon.op,, | PeDeDm
Xij(x, D) ~ L (2% L1 0°x, | D 4+ 1 97X, ’ DD 4+ ’
L RETY: O%M 2 \ 8zyeOD,, O%M m 31 \ 0z4¢0Dm 0D, O%M mn
(A4)
r dE; 1 9%E; 1 ®E;
Ei(x. D) const + (BDk olo)k + 2 <8Dk6Dg OlO)kDf + o3 (BDkaDgaDm Olo)kDfDm
i, D) =~ 2 ' 3 ’ ’
OF; 1(_ 0B, 1(___ 9B
+ (81‘M Y T3 (mkeapm Ofgkam T o3 (aWaDmapn OfgkamDn +
(A5)

In terms of conventional tensors (where we truncate the power series so terms equivalent to second and higher order
derivatives of the electric field with respect to strain are neglected), these expressions can be simplified as:

X;(z,D)~| st (hie)Di + L (22) DDy + g (%22 ) DuD,D, (46)
’ + (Cijre) Thoe +

Bz, D) ~ const  + Wz(;i)Dk + ngi;DkDg + ni’%kaDeDm A7)
i\ —‘r(hkéi)xké + %(PWEI%) TpeDp + %(2%;;1”” Tre Do Dy +

Here, h;ji, is the stress-voltage form of the piezoelectric tensor [39], p;jre is the photoelasticity tensor, and ¢;jxem, is
what we are defining as the second-order photoelasticity or cubic electrostriction tensor.

The relations between different orders of electric and mechanical displacement are based on the equality of different
orders of mixed partial derivatives of A (as define the Maxwell relations).

Where stress and the electric field are different first-derivatives of A, the first-order connection between mechanical
stress and electric displacement is based on mixing second derivatives of A:

() = (552 (ASa)

0%A 0%A OF)
A — = A
huk (8Dk8x”> (&T”aDk) (81'”) ( Sb)
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Indeed, this relation defines the connection between forward and converse piezoelectricity.
Beyond simple piezoelectricity, we have that the second-order connection between mechanical stress and electric
displacement is based on mixing third derivatives of A:

0?X;; B 0%A B 02A
8Dk8Dg n 8Dk8D48xU o axijﬁDkaDg
0’E 0 i
3:17U8Dk 8:L‘ij €0
Where p; ;i is the photoelasticity tensor, this second order-connection illustrates that it is related to a dependence
of generated stress as a quadratic function of the electric field (i.e., electrostriction). This mechanism defines the
conventional optomechanical coupling in transducers.

Beyond both piezoelectricity and standard electrostriction, we find third-order connection between mechanical stress
and electric displacement based on mixing fourth derivatives of A:

X B d'A 3 9'A
8Dk8D¢6Dm a 8Dk8D4Dm8xij N 8$ij8Dk8DgaDm
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Note: The factor of 2 here comes from having to apply the product rule in the power series for E; = n;;D; (see
equation (6) for n;; series) when differentiating:

O*Ep, (2) (2)

ODdD; ~ mik T i (A
and assuming 771(3 = 777(3,1 , (such as the case of Kleinman symmetry where a lossless medium’s nonlinear susceptibility
is approximately independent of frequency [26]), and that the third-order susceptibility is negligible by comparison.
This illustrates that the cubic electrostriction g;jrem is up to a factor of two, equal to the second-order photoelasticity.
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